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Abstract
We develop fully discrete spectral boundary integral algorithms to solve interior and exterior potential
boundary value problems on three-dimensional slender spheroids. Our approach is based on identifying and
using analytical solutions of associated (generalised) eigenvalue problems of boundary integral operators. We
generalise approximation theory results on the sphere using spheroidally appropriate eigenfunctions and solve
an open problem of stability of spectral methods for 1rst kind boundary integral equations on spheroids.
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1. Introduction
In this paper we consider some important computational issues associated with solving boundary
value problems on three-dimensional slender domains, using boundary integral equations. Our model
potential theory problem is to compute harmonic functions de1ned in the interior (or exterior) of a
prolate spheroidal domain  satisfying Dirichlet or Neumann boundary conditions on the surface ,
given by
 :=
{
(x; y; z)∈R3: x
2
a2
+
y2
a2
+
z2
b2
= 1
}
: (1.1)
The domain  is slender in the following sense: the aspect ratio r := a=b1.
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This paper is motivated by the recent work of Rodin and Steinbach [14] on the development
of boundary element preconditioners de1ned on slender two-dimensional domains. The condition
number of boundary element matrices depend linearly on the aspect ratio a=b, where in a general
slender domain, b is the radius of the smallest circumscribed ball and a is the radius of the largest
inscribed ball. Preconditioners in [14] were developed based on the idea that geometric proximity
of two slender domains translates into spectral proximity. Accordingly, inverse boundary element
matrices corresponding to elliptical domains (with similar aspect ratio) were proposed in [14] as
suitable preconditioners. Our approach (in a future work) to develop preconditioners de1ned on
three-dimensional slender bodies (such as submarines and 1bers) will be similar to that in [14],
leading to the model problem on the spheroid .
The major part of work in [14] is to develop spectral properties of boundary integral operators
on a slender ellipse. In this work, we study spectral approximations of boundary integral equations
on the slender spheroid . It is well known that solutions to potential problems can be obtained by
solving boundary integral equations [4,10]. Using the fundamental solution (x; y) := (1=4)|x− y|
of the Laplace operator, the standard boundary integral operators on the spheroid are the single-,
double-, adjoint double-layer and hypersingular potential operators, de1ned respectively as
(S −)(x) :=
∫

(x; y) −(y) ds(y); (1.2)
(K +)(x) := 2
∫

9(x; y)
9n(y)  
+(y) ds(y); (1.3)
(K′ −)(x) := 2
∫

9(x; y)
9n(x)  
−(y) ds(y); (1.4)
(D +)(x) := −2 99n(x)
∫

9(x; y)
9n(y)  
+(y) ds(y); (1.5)
where n(y) denotes the unit outward normal to  at the point y∈; ds(y) is the surface measure
on ; x∈ and the density function  ± ∈H±1=2().
The interior (exterior) potential problem with Dirichlet or Neumann boundary condition on 
can be reformulated as a second- or 1rst-kind boundary integral equation [4,10]. The second kind
equation is de1ned using the operator I −K or I −K′, and the 1rst kind formulation is based on
S or D [4,10]. Throughout the paper we refer to I −K and I −K′ as second kind operators, and
S and D as 1rst kind operators.
It is well known that on the unit sphere U , we have (see [11, Theorem 8.4])
SU =−KU ; SUYmn (xˆ) =
1
2n+ 1
Ymn (xˆ); xˆ∈U; (1.6)
where KU and SU respectively denote the single- and double-layer operator on the unit sphere and
Ymn are the orthonormal spherical harmonics, de1ned in (3.10). Hence from (1.6), the eigenvalues
of KU lie in [ − 1; 0). This classical result for the double layer operator on the unit sphere was
extended to the electrostatic operator K′ on  in [1].
If we replace SU and KU by S and K, the identities in (1.6) do not hold on . In fact, the
spherical harmonics are not eigenfunctions of the single layer and hypersingular operators on .
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However, they are solutions of associated generalised eigenvalue problems. We discuss this topic in
Section 3, after demonstrating in Section 2 some major computational diJculties of spherical coor-
dinates based superalgebraically convergent spectral integral methods [8] to solve potential problems
on slender spheroids. We develop approximation theory results in Section 4 generalising the sphere
case results in [6,13,15].
It is an open problem to propose and prove stability and convergence of a fully discrete spectral
method for the 1rst kind equations on geometries other than the sphere [3,6,8]. We solve this
problem for spheroids in Section 5. Our numerical results in this paper demonstrate advantages of
using spheroidal coordinates in boundary integral methods. Such advantages have already been used
recently in in/nite element methods to solve exterior problems [2,7].
2. Spectral methods using spherical coordinates
Three-dimensional spectral boundary integral methods have been studied in a series of work over
the last two decades using spherical coordinates, see [3,8] and references therein. These algorithms
are based on mapping the boundary of a smooth domain onto the unit sphere U and using the
spectral properties (1.6) of SU and KU , approximate solutions are sought in the 1nite dimensional
spaces spanned by the spherical harmonics. The recently proposed and analysed fully discrete super-
algebraically convergent spectral algorithm of Graham and Sloan [8] improves all related spherical
harmonics based spectral methods mentioned in [8].
In this section we investigate the eJciency of applying the method in [8] to solve the Dirichlet
potential problem
Ku= 0 in ; u= f on 9 = (a; b); (2.1)
for suJciently smooth boundary data f and (a; b) =  is given by (1.1). Using Green’s identity,
the unique solution u of (2.1) can be found if we know the normal derivative w := 9u=9n on (a; b)
[4,10]. The direct boundary integral formulation [4,10] yields that w satis1es the 1rst kind boundary
integral equation (BIE)
Sw = 12(I +K)f on (a; b): (2.2)
The fully discrete spectral method of Graham and Sloan [8] can be applied to the 1rst kind equation
(2.2). However, it still remains an open problem to prove stability and convergence of such an
algorithm to solve (2.2), except for the sphere case. (The sphere case result was proved in [6].)
An alternative to solve (2.1) is to use an indirect formulation. The unique solution u of (2.1) can
be represented as a double layer potential
u(x) =−2
∫

9(x; y)
9n(y) v(y) ds(y); x∈; (2.3)
for some unknown density function v. Using the jump relation of the double layer potential, v
satis1es the second kind BIE
(I −K)v= f on (a; b): (2.4)
From (2.3) and (1.5), the normal derivative w of u on (a; b) is then given by
w =Dv on (a; b): (2.5)
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Table 1
Accuracy of algorithm [8] on (1; 2j)
j Second kind BIE First kind BIE
‖w − ŵGS15 ‖∞;(1;2 j) ‖w − wGS15 ‖∞;(1;2 j)
1 4.7855053 E− 12 2.8903934 E− 03
2 6.0920171 E− 06 4.6290066 E− 01
3 3.9823817 E− 02 6.5482095 E + 00
4 3.9750902 E + 00 4.5630853 E + 01
5 7.5314722 E + 01 4.0683365 E + 02
6 1.9427977 E + 03 4.0813646 E + 03
7 2.5061832 E + 04 6.3655228 E + 04
Let wGSN and v
GS
N denote fully discrete approximate solutions of (2.2) and (2.4), obtained by the
algorithm in [8] using the space of all spherical polynomials of degree at most N and the tensor
product rectangle-Gauss quadrature rule on the sphere with 2(N+1)(N+1)2 points for inner product
(Galerkin) integrals and with 2(2N + 1)(2N + 1) points for discretisation of integral operators.
We refer to [8] for complete details and we remind that only superconvergence of vGSN to v is
proved in [8].
Using (2.5), we de1ne ŵGSN := Dv
GS
N as an approximation to w. It is important to note that once we
computed vGSN , we can evaluate ŵ
GS
N exactly using the spectral property of the hypersingular operator
we derive in this paper (see Corollary 3.3). Hence, ŵGSN is also a superalgebraically convergent
approximation to w. An important motivation for this paper is that the aspect ratio of a slender
spheroid may completely destroy even convergence of the so-called superalgebraically convergent
approximations obtained using the O(N 5) algorithm in [8], for computationally suitable values
of N.
For demonstration purposes, we consider the 1rst and second kind equations (2.2), and (2.4) and
(2.5) on spheroids (1; 2j); j = 1; : : : ; 7. The Dirichlet data f in (2.1) is chosen so that
w(x) =
2x2 + 2y2 − 2−2( j−1)z2√
x2 + y2 + 2−4jz2
; x = (x; y; z)∈(1; 2j); j = 1; : : : ; 7 (2.6)
is the unique solution of (2.2) and (2.4)–(2.5) on (1; 2j); j = 1; : : : ; 7. For our computation, we
1xed N = 15 and computed the (N + 1)2 coeJcients of ŵGSN and w
GS
N using the 2(2N + 1)
2 = 1922
cubature points on the sphere and the algorithm in [8].
The computed error results in maximum norm (with maximum error taken over 600 points on
(1; 2j), for j = 1; : : : ; 7) are Table 1. The accuracy of the proved superalgebraically convergent
approximation ŵGSN to w is markedly reduced (rather destroyed from 10
−12 for j = 1 to 10+4 for
j=7) with reduction in the aspect ratios r=2−j; j=1; : : : ; 7, as we observe from Table 1. The 1rst
kind BIE approximation wGSN is worse compared to ŵ
GS
N for j=1 and for j=7 both approximations
are equally bad. (Of course proving convergence of wGSN to w still remains an open question!)
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Table 2
Accuracy of our algorithm on (1; 2j)
j Second kind BIE First kind BIE
‖w − ŵ15‖∞;(1;2j) ‖w − w15‖∞;(1;2j)
1 2:5508484e− 12 2:5508484e− 12
2 9:4306785e− 12 9:4306785e− 12
3 3:0301095e− 11 3:0301095e− 11
4 7:5985440e− 11 7:5985440e− 11
5 1:6305535e− 10 1:6305535e− 10
6 3:3560354e− 10 3:3577408e− 10
7 7:2128570e− 10 7:2128392e− 10
This is a simple demonstration of computational diJculties associated with slender bodies, even
using superalgebraically convergent algorithms. Based on our fully discrete methods in this paper, we
can solve both the 1rst and second kind BIEs on slender spheroids eJciently (compare our results for
the above example in Table 2). We propose fully discrete spectral methods for the 1rst and second
kind equations on spheroids in Section 5 and prove stability and convergence, using approximation
theory results in Section 4. Our approach is based on spectral properties of the boundary integral
operators derived using spheroidal coordinates in the next section.
For slender bodies, it is eJcient to use spheroidal coordinates, instead of the spherical coordinates
based idea considered in boundary integral methods over the last two decades [3,8]. The advantages
of spheroidal coordinate approach have already been recognised for in/nite element methods to solve
exterior acoustic and electromagnetic scattering problems, with radiators and scatterers, that are of
interest for example to Navy, consisting of long and thin shapes, see [2,7] and references therein.
3. Spectral analysis of boundary integral operators
We 1rst consider tools needed for spectral discretisation of boundary integral operators on .
Following [9,12], we introduce the transformation of the Cartesian coordinates x=(x; y; z)∈R3 into
prolate spheroidal coordinates (; ;  ):
x = c sinh  sin  cos ; y = c sinh  sin  sin ; z = c cosh  cos : (3.1)
Here 06 ¡∞; 06 6 ; 06 6 2, and each point in the space is uniquely determined by the
spheroidal coordinates (; ;  ). The parameters  describe prolate spheroids
S(; c) :=
{
x = (x; y; z)∈R3: x
2 + y2
c2 cosh2 
+
z2
c2 sinh2
= 1
}
: (3.2)
The surface measure on S(; c) is given by
ds(x) = c2
√
sinh2 + sin2  sinh  sin  d d ; (3.3)
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and an important quantity of interest for the double layer operator is
n(x) · ∇x = 1
c
√
sinh2 + sin2 
9
9 : (3.4)
In particular, the 1xed spheroid  de1ned in (1.1) can be written as
(a; b) =  = S(0; c); 0 = tanh−1(a=b); c =
√
b2 − a2: (3.5)
The following useful identities can be easily veri1ed:
sinh 0 = a=c; cosh 0 = b=c; ds(x) = ds0(x) = ac
√
(b=c)2 − cos2  sin  d d : (3.6)
The nonspherical part of the Jacobian term de1ned for x∈ by
J (x) := J (0; ) := ac
√
sinh2 0 + sin2 = ac
√
(b=c)2 − cos2 ¿ 0 (3.7)
plays a crucial role throughout this paper.
The spherical harmonics are not eigenfunctions of the 1rst kind operators on spheroids. However,
as we show below, they are solutions of the generalised eigenvalue problems:
(Su)(0; ;  ) = %(0)J (0; )u(;  ); 06 6 ; 06 6 2; (3.8)
(Du)(0; ;  ) = &(0)J−1(0; )u(;  ); 06 6 ; 06 6 2: (3.9)
The orthonormal spherical harmonics are given by [9]
Ymn (;  ) = c
m
n P
|m|
n (cos ) exp im ; n= 0; 1; : : : ; |m|6 n; 06 6 ; 06 6 2; (3.10)
where P|m|n are the associated Legendre functions of the 1rst kind and cmn are the orthonormal factors.
The 1rst kind associated Legendre polynomials satisfy the orthogonality relation∫ 
0
Pmn (cos )P
m
k (cos ) sin  d=
2
2n+ 1
(n+ m)!
(n− m)! )k;n (3.11)
for all n; k = 0; 1; : : : ; 06m6 n; k. In addition, the associated Legendre functions of the second
kind, denoted by Q|m|n ; n= 0; 1; : : : ; |m|6 n [9], play an important role on spheroids. We show this
1rst for the single layer operator S.
Theorem 3.1. The modi/ed functions
Zmn (0; ;  ) =
Ymn (;  )
J (0; )
; n= 0; 1; : : : ; |m|6 n; (3.12)
satisfy the generalised eigenvalue problem (3.8), with eigenvalues
%mn := %
m
n (0) :=
(−1)m
c
(n− |m|)!
(n+ |m|)! Q
|m|
n
(
b
c
)
P|m|n
(
b
c
)
¿ 0; (3.13)
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where 0 and c are given by (3.5). That is, for n= 0; 1; : : : ; |m|6 n,
(SZmn )(0; ;  ) = %
m
n (0)Y
m
n (;  ); 06 6 ; 06 6 2: (3.14)
Proof. We 1rst consider a natural extension of the de1nition of S in (1.2) exterior to . For
x′ = (′; ′;  ′)∈R3 \ , with ′¿0, and for  ∈L2(), we let
(S )(x′) =
1
4
∫

1
|x′ − x|  (x) ds(x): (3.15)
Using (3.6) and (3.7) in (3.15), with x = (x; y; z) = (0; ;  )∈,
(S )(x′) =
1
4
∫ 2
0
∫ 
0
1
|x′ − x|  (0; ;  )J (0; ) sin  d d : (3.16)
Hence for n= 0; 1; : : : ; |m|6 n, from (3.12),
(SZmn )(x
′) =
1
4
∫ 2
0
∫ 
0
1
|x′ − x| Y
m
n (;  ) sin  d d : (3.17)
Since x′ is in the exterior of , we can use the expansion [9, p. 416]:
c
|x′ − x| =
∞∑
n=0
(2n+ 1)Pn(cos ′)Pn(cos )Qn(cosh ′)Pn(cosh 0)
+ 2
∞∑
n=1
(2n+ 1)
n∑
m=1
(−1)m
[
(n− m)!
(n+ m)!
]2
×Pmn (cos ′)Pmn (cos )Qmn (cosh ′)Pmn (cosh 0) cos[m( ′ −  )]; (3.18)
where Pn = P0n; Qn = Q
0
n are the Legendre functions of the 1rst and second kind respectively.
Using (3.10), orthogonality relation (3.11), expansion (3.18) and the fact that for any positive
integer m;
∫ 2
0 cos[m( 
′ −  )] d = 0, from (3.17) it can be shown that for n= 0; 1; : : : ;
(SZ0n )(
′; ′;  ′) =
1
c
Qn(cosh ′)Pn(cosh 0)Pn(cos ′): (3.19)
Similarly, from (3.17) we can compute (SZmn )(
′; ′;  ′), for n=0; 1; : : : ; 0¡ |m|6 n using identities
(3.11), (3.18) and the fact that∫ 2
0
exp(il ) cos[m( ′ −  )] d =  exp(im ′))l; |m|: (3.20)
After some routine calculations based mainly on the above orthogonality relations, it can be shown
that for all x′ = (′; ′;  ′),
(SZmn )(x
′) = %mn (0; 
′)Ymn (
′;  ′); n= 0; 1; : : : ; |m|6 n; (3.21)
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where
%mn (0; 
′) :=
(−1)m
c
(n− |m|)!
(n+ |m|)! Q
|m|
n (cosh 
′)P|m|n (cosh 0): (3.22)
If we let x′ tend to a point on  in (3.21), using the continuity property of the single layer potential
[4,10], the continuity of the second kind associated Legendre functions Q|m|n (.), for .¿ 1 in (3.22),
and (3.6) we get the result (3.14).
Finally, the generalised eigenvalues %mn are positive, since b=c¿ 1 and P
|m|
n (.)¿ 0 and (−1)m
× Q|m|n (.)¿ 0, for all .¿ 1 and n= 0; 1; 2; : : : ; |m|6 n.
Next, to solve the generalised eigenvalue problem (3.9) for the hypersingular operator D, we
require spectral properties of the double layer operator K. The following result that the spherical
harmonics are eigenfunctions of K can be found in [1]. We give a proof of this result using the
notation followed in this paper.
Theorem 3.2. The spherical harmonics Ymn ; n=0; 1; : : : ; |m|6 n, are the eigenvectors of the double
layer operator K in (1.3), with eigenvalues
/mn := /
m
n (0) :=−1 + 2(−1)m
(n− |m|)!
(n+ |m|)! Q
|m|
n
(
b
c
)
×
[
(n− |m|+ 1)P|m|n+1
(
b
c
)
− (n+ 1)
(
b
c
)
P|m|n
(
b
c
)]
; (3.23)
where 0 and c are given by (3.5). That is, for n= 0; 1; : : : ; |m|6 n,
(KYmn )(0; ;  ) = /
m
n (0)Y
m
n (;  ); 06 6 ; 06 6 2: (3.24)
Proof. For x′ = (′; ′;  ′)∈R3\, with ′¿0, and for  ∈L2(), we let
(K )(x′) =
1
2
∫

 (x)n(x) · ∇x 1|x′ − x| ds(x); (3.25)
by extending the de1nition in (1.3). For x = (x; y; z) = (0; ;  )∈, using (3.1), (3.3) and (3.4)
with = 0,
(K )(x′) =
c sinh 0
2
∫ 2
0
∫ 
0
 (0; ;  )
9
90
1
|x′ − x| sin  d d : (3.26)
The kernel of the double layer operator in (3.26) can be written using the expansion (3.18) as
c sinh 0
9
90
1
|x′ − x| =
∞∑
n=0
C0n (cos ; cos 
′; cosh 0; cosh ′)
+ 2
∞∑
n=0
n∑
m=1
Cmn (cos ; cos 
′; cosh 0; cosh ′) cos[m( ′ −  )]; (3.27)
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where
Cmn (t; t
′; z; z′) = (2n+ 1)(−1)m
[
(n− m)!
(n+ m)!
]2
Pmn (t
′)Pmn (t)Q
m
n (z
′)(z2 − 1) dP
m
n (z)
dz
: (3.28)
Using (3.10), the orthogonality relation (3.11), the expansion (3.27) and (3.28), from (3.26) it is
easy to show that for n= 0; 1; : : : ; with z = cosh 0,
(KY 0n )(
′; ′;  ′) =
[
2Qn(cosh ′)(z2 − 1) dPn(z)dz
]
Pn(cos ′): (3.29)
Now, using the identity [9]
(z2 − 1) dP
|m|
n (z)
dz
= (n− |m|+ 1)P|m|n+1(z)− (n+ 1)zP|m|n (z); n= 0; 1; : : : ; |m|6 n (3.30)
in (3.29) with z = cosh 0, we get
(KY 0n )(
′; ′;  ′) = /0n(0; 
′)Y 0n (
′;  ′); n= 0; 1; : : : ; (3.31)
where for n= 0; 1; : : : ; |m|6 n,
/mn (0; 
′) := 2(−1)m (n− |m|)!
(n+ |m|)! Q
|m|
n (cosh 
′)
×
[
(n− |m|+ 1)P|m|n+1(cosh 0)− (n+ 1) cosh 0P|m|n (cosh 0)
]
: (3.32)
Similarly, using the identities (3.11), (3.27), (3.28) and (3.20) in (3.26), it can be shown that for
all x′ = (′; ′;  ′),
(KYmn )(x
′) = /mn (0; 
′)Ymn (
′;  ′); n= 0; 1; : : : ; 0¡ |m|6 n; (3.33)
where /mn is as de1ned in (3.32). Now, if we let x
′ tend to a point on  and use the jump relation
of the double layer potential [4,10] in (3.33), the continuity of the second kind associated Legendre
functions Q|m|n (.), for .¿ 1 in (3.32) and (3.6) we get the result (3.24).
The hypersingular operator D with density function v can be written using (2.5), (2.2) and (2.4)
as
Dv=S−1(I −K)(I +K)v: (3.34)
Using Theorems 3.2, 3.1 and identity (3.34), we obtain the following result for the hypersingular
operator D de1ned in (1.5).
Corollary 3.3. The spherical harmonics Ymn ; n= 0; 1; : : : ; |m|6 n, are solutions of the generalised
eigenvalue problem (3.9), with eigenvalues
&mn := &
m
n (0) :=
1− /mn (0)2
2%mn (0)
; (3.35)
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where /mn and %
m
n are given by (3.23) and (3.13). That is, for n= 0; 1; : : : ; |m|6 n,
(DYmn )(0; ;  ) = &
m
n (0)Z
m
n (0; ;  ); 06 6 ; 06 6 2: (3.36)
4. Spectral approximation theory on spheroids
We derive some important properties connected with approximating functions on  by (gener-
alised) eigenvectors of the 1rst and second kind operators. For rest of this paper, we use the notation
x for points on  with spheroidal coordinate representation (3.1) (together with (3.5) and (3.6)),
and points on the unit sphere U denoted by xˆ have the spherical coordinates representation:
xˆ = p(;  ) := (sin  cos ; sin  sin ; cos )T: (4.1)
The spheroid  is diNeomorphic to the unit sphere U : The map q :U →  de1ned by
q(xˆ) := x = (axˆ; ayˆ; bzˆ)T for xˆ = (xˆ; yˆ; zˆ)∈U (4.2)
is an in1nitely diNerentiable bijective map, with inverse q−1 : → U given by
q−1(x) := xˆ = (x=a; y=a; z=b)T for x = (x; y; z)∈: (4.3)
Thus, any point x= (0; ;  )∈ can be written as x= (qop)(;  ). The spherical harmonics given
by (3.10) are orthonormal in L2(U ) with respect to the inner product
(31; 32)U :=
∫
U
31(xˆ)32(xˆ) d4(xˆ); 31; 32 ∈L2(U ): (4.4)
The transplanted polynomials on  are Y jl oq
−1; l=0; 1; 2; : : : ; |j|6 l. These are not orthogonal with
respect to the standard inner product on L2(), de1ned for  1;  2 ∈L2() by
( 1;  2) :=
∫

 1(x) 2(x) ds(x) =
∫
U
 1oq(xˆ) 2oq(xˆ)J (q(xˆ)) d4(xˆ); (4.5)
where we have used (4.2), (3.6) and (3.7). We de1ne a weighted inner product:
〈 1;  2〉 :=
∫

1
J (x)
 1(x) 2(x) ds(x) =
∫
U
 1oq(xˆ) 2oq(xˆ) d4(xˆ): (4.6)
Using (3.7) and (3.6), 1=ab6 1=J (x)6 1=a2 and hence the inner products 〈·; ·〉 and (·; ·) are
equivalent. It is easy to see that Y jl oq
−1; l = 0; 1; 2; : : : ; |j|6 l, form an orthonormal basis of
(L2(); 〈·; ·〉).
For a chosen integer N , we consider the 1nite dimensional space PN of spheroidal polynomials
of degree at most N , de1ned by
PN = span{Y jl oq−1: l= 0; : : : ; N; |j|6 l}; (4.7)
and introduce the orthogonal projection operator PN : (L2(); 〈·; ·〉)→ PN
(PN )(x) =
N∑
l=0
∑
|j|6l
〈 ; Y jl oq−1〉Y jl oq−1(x); x∈: (4.8)
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Since in practice the Fourier coeJcients in (4.8) cannot in general be evaluated exactly, following
[6,8,15], we de1ne a discrete version of PN . We consider a quadrature rule on U with points xˆj ∈U
and positive weights wj; j = 1; : : : ; m(N ) such that∫
U
3(xˆ) ds(xˆ) ∼=
m(N )∑
j=1
wj3(xˆj); 3∈C(U ): (4.9)
In addition, we require that the quadrature is exact for all polynomials on U of degree at most 2N .
One such useful cubature on U is given by the tensor product rectangle-Gauss rule with m(N ) =
2(N + 1)× (N + 1).
Using the identity (4.6) and the quadrature rule (4.9) we construct a discrete inner product on
PN :
〈 1;  2〉N; :=
m(N )∑
j=1
wj 1oq(xˆj) 2oq(xˆj);  1;  2 ∈C(): (4.10)
We de1ne the discrete spheroidal projection QN :C()→ PN as
(QN )(x) =
N∑
l=0
∑
|j|6l
〈 ; Y jl oq−1〉N;Y jl oq−1(x); x∈;  ∈C(): (4.11)
We give approximating power of the projection operators PN and QN , after introducing two more
projection operators based on the generalised eigenfunctions of the 1rst kind operators. Using The-
orem 3.2 we have
PNKuN =KPNuN =KQNuN = QNKuN for uN ∈PN : (4.12)
However, similar results do not hold true for the 1rst kind operators S and D. We de1ne modi-
1ed approximations for these operators using the solutions of the generalised eigenvalue problems,
constructed in Theorem 3.1 and Corollary 3.3. For this purpose, we introduce a new weighted inner
product on L2(), de1ned for  1;  2 ∈L2() by
[ 1;  2] :=
∫

 1(x) 2(x)J (x) ds(x) =
∫
U
 1oq(xˆ) 2oq(xˆ)J 2(q(xˆ)) d4(xˆ): (4.13)
The equivalence of [·; ·] and the standard L2() inner product follows from the inequalities
a26 J (x)6 ab. Using (4.13) and the orthonormality of the spherical harmonics in L2(U ), we see
that the generalised eigenfunctions functions
(Zjl oq
−1)(x) =
Y jl oq
−1(x)
J (x)
; x∈; l= 0; 1; 2; : : : ; |j|6 l; (4.14)
are orthonormal elements of (L2(); [·; ·]). In fact, these spheroidally appropriate functions form
an orthonormal basis of (L2(); [·; ·]), as we show below. For a 1xed integer N , let
 N = span{Zjl oq−1: l= 0; : : : ; N; |j|6 l}: (4.15)
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We de1ne the projection operator RN : (L2(); 〈·; ·〉)→  N as
(RN )(x) =
N∑
l=0
∑
|j|6l
[ ; Zjl oq
−1]Z
j
l oq
−1(x);  ∈L2(); x∈: (4.16)
Using (4.6) and (4.13), the coeJcients in (4.16) satisfy
[ ; Zjl oq
−1] = 〈 J; Y jl oq−1〉;
where ( J )(x) =  (x)J (x); x∈. Hence from (4.8) and (4.16), we get
(RN )(x) =
1
J (x)
(PN ( J ))(x): (4.17)
Consequently, we have
 (x)− (RN )(x) = 1J (x) [( J )(x)− (PN ( J ))(x)]; x∈: (4.18)
Since J is a positive smooth function on , for any  ∈L2(), from (4.18),
‖ −RN ‖L2()6
∣∣∣∣
∣∣∣∣1J
∣∣∣∣
∣∣∣∣
L2()
‖ J −PN ( J )‖L2() → 0 as N →∞: (4.19)
Thus, we have the series representation
 =
∞∑
l=0
∑
|j|6l
[ ; Zjl oq
−1]Z
j
l oq
−1;  ∈L2(); x∈: (4.20)
and hence the spheroidally appropriate functions in (4.14) form an orthonormal basis of (L2(); [·; ·]).
For solving BIEs, we need a practically useful discrete version of RN based on the m(N ) point
quadrature rule on U given by (4.9). Using (4.13), we de1ne a discrete inner product on  N as
[ 1;  2]N; :=
m(N )∑
j=1
6j( 1J )(q(xˆj))(32J )(q(xˆj));  1;  2 ∈C(): (4.21)
The discrete spheroidal projection TN :C()→  N is de1ned as
(TN )(x) =
N∑
l=0
∑
|j|6l
[ ; Zjl oq
−1]N;Z
j
l oq
−1(x);  ∈L2(); x∈: (4.22)
Now, we are ready to describe the approximation power of the spheroidal projection operators
PN ;QN ;RN and TN in the practically important maximum norm. Let C() and C(U ) denote the
space of all continuous functions on  and U , respectively equipped with the uniform norms ‖·‖∞;
and ‖ · ‖∞;U . We also consider, for 06 k ¡∞, the space of all k-times continuously diNerentiable
functions on  and U with norms ‖ · ‖k; and ‖ · ‖k;U , denoted respectively by Ck() and Ck(U ).
These spaces are de1ned using atlas and charts, based on the fact that  and U are diNerential
two-manifolds in R3 (see for example [5,6]). It is useful to note that for  ∈C(),
‖ ‖∞; = ‖ oq‖∞;U ; ‖ ‖k; = ‖ oq‖k;U ; ‖ ‖0; = ‖ ‖∞;: (4.23)
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The following convergence result generalises some fundamental approximation theory results
proved for the unit sphere case in [6,13,15].
Theorem 4.1 (Convergence of four spheroidal projection operators): LetMN=PN or RN and M̂N=
QN or TN . Let  ∈Ck(); k ¿ 0. Then for all integers N¿ 1 and 06 l6 k, there exist constants
Cl and Ck;l such that
• ‖MN ‖l;6ClN 1=2‖ ‖l;; ‖ −MN ‖l;6Ck;l
(
1
N
)k−l−1=2
‖ ‖k;: (4.24)
• ‖M̂N ‖∞;6C0N 1=2‖ ‖∞;; ‖ − M̂N ‖∞;6Ck;0
(
1
N
)k−1=2
‖ ‖∞;: (4.25)
• ‖M̂N ‖l;6ClN 2l+2‖ ‖∞;; ‖ − M̂N ‖l;6Ck;l
(
1
N
)k−2l−2
‖ ‖k;; (4.26)
with l¿ 1 in (4.26).
Proof. From (4.6) and (4.8) we have for  ∈L2() and x = q(xˆ)∈,
(PN )(x) = PN ( oq)(xˆ) :=
N∑
l=0
∑
|j|6l
( oq; Y jl )UY
j
l (xˆ): (4.27)
The projection operator PN de1ned on L2(U ) was investigated in [6]. Using [6, Theorem 3.6],
(4.27) and (4.23), we get (4.24) for MN =PN . If MN =RN , (4.24) follows from (4.17) and (4.18),
smoothness of J and the result proved for the case MN = PN . Similarly, from (4.10) and (4.11)
we have for  ∈C() and x = q(xˆ)∈,
(QN )(x) = LN ( oq)(xˆ) :=
N∑
l=0
∑
|j|6l
( oq; Y jl )N;UY
j
l (xˆ); (4.28)
where for 31; 32 ∈C(U ), using (4.10), we de1ne (31; 32)N;U := 〈31oq−1; 32oq−1〉N;.
The operator LN , studied in detail in [6,13,15] is known as the hyperinterpolation operator on the
sphere. The supremum norm result (4.25) for M̂N=QN follows from (4.28) and the results in [13,15].
Further, using (4.10) and (4.21), the coeJcients in (4.22) satisfy [ ; Zjl oq
−1]N; = 〈 J; Y jl oq−1〉N;.
Hence from (4.22) and (4.11), we get for  ∈C() and x∈,
(TN )(x)=
1
J (x)
(QN ( J ))(x);  (x)−(TN )(x)= 1J (x) [( J )(x)−(QN ( J ))(x)]: (4.29)
Now (4.25) for the case M̂N =TN follows from (4.29) and the corresponding result for the case
MN = QN . Finally, for l¿ 1, a direct application of [6, Theorem 3.7] together with (4.28), (4.23)
and (4.29) yield (4.26).
Remark 4.2. Using the Lie and chart derivative spaces in [6], in a future work we shall prove that LN
and hence M̂N satisfy optimal bounds similar to MN given by (4.24) for l¿ 1. The approximation
theory results in this section are essentially based on the fact the spheroid is diNeomorphic to the
unit sphere. Hence the above results hold true on general surfaces that are diNeomorphic to the unit
sphere.
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5. Fully discrete spectral methods on spheroids
We consider the 1rst and second kind BIEs (2.2) and (2.4) and (2.5) and recall that w is the
normal derivative on (a; b) of the unique solution u of (2.1). Our fully discrete spectral method to
solve (2.2) is to seek wN ∈7N (see (4.15)) such that
SwN = 12(I +K)QNf on (a; b): (5.1)
Using Theorems 3.1, 3.2 and (4.11), (5.1) is a uniquely solvable fully discrete system in PN . Indeed,
using (4.14) and (4.15), if we let
wN =
N∑
l=0
∑
|j|6l
ajlZ
j
l oq
−1; (5.2)
then from Theorems 3.1, 3.2, (4.11) and orthonormality of the spheroidal polynomials Y jl oq
−1 with
respect to the weighted inner product (4.6), ajl in (5.2) are given by
ajl =
1
2%jl
(1 + /jl)〈f; Y jl oq−1〉N;; l= 0; : : : ; N; |j|6 l; (5.3)
where %jl and /
j
l are respectively de1ned in (3.13) and (3.23) and 〈·; ·〉 is given by (4.10).
The superalgebraic convergence of the solution wN of (5.1) to the unique solution w of (2.2)
(solving the open problem mentioned in Section 2 for spheroids) is below.
Theorem 5.1. For k¿ 0; l¿ 0; ‖w − wN‖k;6Ck;l(1=N )l‖f‖l+2k+6.
Proof. Using arguments similar to those in [6, Lemma 4.1], we see that S−1 exists as a bounded
operator from Ck+2() to Ck(). Hence from (2.2), (5.1), boundedness of (I +K) from Ck+2()
to Ck+2() [4,6,10] and (4.26), we get
‖w−wN‖k=12‖S
−1(I+K)(f−QNf)‖k6Ck;l‖f−QNf‖k+26Ck;l
(
1
N
)l
‖f‖l+2k+6:
To solve the second kind equation (2.4), we seek vN ∈PN such that
(I −K)vN = QNf on (a; b): (5.4)
Using (4.7), vN can be written as
vN =
N∑
l=0
∑
|j|6l
bjlY
j
l oq
−1: (5.5)
Then from Theorems 3.1, 3.2, (4.11) and orthonormality of Y jl oq
−1, we get
bjl =
〈f; Y jl oq−1〉N;
(1− /jl)
; l= 0; : : : ; N; |j|6 l: (5.6)
Using (2.4), (2.5) and (5.4), we de1ne an approximation to w as
ŵN := DvN : (5.7)
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From (3.35), (3.36) and (5.7), we get the exact representation
ŵN =
N∑
l=0
∑
|j|6l
bjl &
j
l Z
j
l oq
−1: (5.8)
The superalgebraic convergence of vN to v and ŵN to w is shown below.
Theorem 5.2. For k¿ 0; l¿ 0,
‖v− vN‖k;6Ck;l
(
1
N
)l
‖f‖l+2k+2; ‖w − ŵN‖k;6Ck;l
(
1
N
)l
‖f‖l+2k+6:
Proof. Since (I −K)−1 exists as a bounded operator from Ck() to Ck() [4,6,10], from (2.4),
(5.4) and (4.26),
‖v− vN‖k6 ‖f − QNf‖k6Ck;l
(
1
N
)l
‖f‖l+2k+2:
Using boundedness of S−1 from Ck+2() to Ck() and that of (I −K)(I +K) from Ck+2()
to Ck+2(), from (3.34), (2.5) and (5.7), we get
‖w − ŵN‖k6 ‖v− vN‖k+26Ck;l
(
1
N
)l
‖f‖l+2k+6:
We computed approximate solutions wN and ŵN of (5.1) and (5.4)–(5.7) for the test problem
considered in Section 2, with exact solution w given by (2.6). The computed results in Table 2
demonstrate eJciency of our fully discrete algorithm for the potential problem on slender spheroids.
(Compare results in Tables 1 and 2.) From Table 2, it seems that both our approximations wN and
ŵN based respectively on the 1rst kind and second BIEs yield the same result. Indeed, this is the
case for all N , as it can be easily shown using (5.2), (5.3), (5.8), (5.6) and (3.35).
Our fully discrete algorithm can be extended easily to solve other 1rst and second kind BIEs for
potential problems. For example, on R3 \ , the solution 8 of the exterior Dirichlet problem with
data g on , and the unique solution  of the exterior problem with Neumann data h can be found
by solving the 1rst and second kind BIEs [4,10]:
2S =−(I −K)g; (I −K) =−2Sh on 9 = (a; b); (5.9)
where  is the normal derivative of 8 on . For these exterior problems, our fully discrete spectral
algorithm is: 1nd  N ∈ N and  N ∈PN such that
2S N =−(I −K)QNg; (I −K) N =−2STNh on (a; b): (5.10)
The superalgebraic convergence of  N to  and  N to  , for smooth boundary data g and h can be
proved as in Theorems 5.1 and 5.2.
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